
PROBABILITY AND STATISTICS

Quiz 1

Question 1. Define a Probability Space. [3]

Question 2. Let Ω = {1, 2, 3}. Give 5 different examples of events. [3]

Question 3. Throw a fair die. What is the sample space? What is the probability of getting

a number which is less than or equal to 4? What is the probability of getting a number that is

both even and divisible by 3? [3]

Question 4. You have 4 books that you want to arrange on a bookshelf. In how many possible

ways can you order them? How about n books? [3]

Question 5. How many functions f : {1, 2, 3, 4, 5} → {0, 1} are there? How many functions

g : {0, 1} → {1, 2, 3, 4, 5}? Explain. [3]
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Quiz 2

Question 1. Give formulas for:

(a) The number of subsets of size k from a set of n elements, with ordering and with

repetitions. [2]

(b) The number of subsets of size k from a set of n elements, without ordering and without

repetitions. [2]

(c) The number of permutations of n elements, of which 3 are identical. [2]

Question 2. A monkey types a 4 letters word using letters from the alphabet {Q,U,I,Z} (it

could use the same letter multiple times). What is the probability that it types the word

QUIZ? [3]

Question 3. State Stirling’s formula. Use it to compute

lim
n→∞

√
5n

(
2n

n

)
.

[3]

Question 4. What is the probability that a function f : {0, 1} → {1, 2, 3, 4, 5} is not constant?

How about f : {1, 2 . . . k} → {1, 2 . . . n}? [3]
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Quiz 3

Question 1. Show that if A ⊆ B then P(A) ≤ P(B). [3]

Question 2. Let (An)n≥1 be an increasing sequence of events

A1 ⊆ A2 ⊆ A3 ⊆ . . .
and assume that

lim
n→∞

P(An) = p.

Explain why we can conclude that

P

⋃
n≥1

An

 = p.

[2]

Question 3. Let A,B be two events.

(a) Define independence of A,B. [2]

(b) Assuming that P(B) > 0, define P(A|B). [2]

Question 4. Toss a fair coin 3 times. Let

A = {at most two heads},
B = {the first coin toss gives head},
C = {all tails}.

(i) Are A,B independent? [2]

(ii) Are A,B,C independent? [2]

(iii) Are A \ C and B independent? [2]
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Quiz 4

Question 1. State Bayes’ theorem. [2]

Question 2. In New York it rains with probability 2/5. If it rains, Claire takes the umbrella

with probability 9/10, and otherwise she takes the umbrella with probability 1/5. Given that

Claire has taken the umbrella, what is the probability that it is raining? [4]

Question 3. Let A,B be events of positive probability. Show that if P(A)P(B) < P(A ∩B)

then P(A|B) > P(A). [3]

Question 4. For three events A,B,C

(i) Express P(A ∪B) using the inclusion/exclusion formula. [1]

(ii) Express P(A ∪B ∪ C) using the inclusion/exclusion formula. [2]

Question 5. Toss a fair coin. If you get head, toss another fair coin. What is the probability

of seeing two heads? [3]
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Quiz 5

Question 1. Write down the weights (pk)k≥0 of a Poisson distribution of parameter λ. [2]

Question 2. Pick a card from a standard deck. Define the events

A = {the card is heart}
B = {the card is ≤ 5}
C = {the card is multiple of 3}.

Find P(A ∪B) and P(A ∪B ∪ C). [2]

Question 3. Flip a fair coin until you get the first head. Let

Ak = {obtain the first head at the kth coin toss}, k ≥ 1.

Compute:

(i) P(Ak) for all k ≥ 1, [1]

(ii) P(A1 ∩A2), [1]

(iii) P

( ∞⋂
k=1

Ak

)
, [1]

(iv) P

( ∞⋃
k=1

Ak

)
. [2]

Question 4. A company has 5 employees: 3 women and 2 men.

(i) How many different committees of 3 employees can be formed? [1]

(ii) What is the probability that a committee of 3 employees is only made of women? [1]

Suppose each week a committee of 3 employees is formed.

(iii) What is the probability that in 2 months (8 weeks) the committee has been only made

of women exactly once? [2]

(iv) What is the probability that in 2 months (8 weeks) the committee has been only made

of women exactly k times? [2]
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Quiz 6

Question 1. Give the definition of random variable. [3]

Question 2. For a given probability space (Ω,F ,P) and an event A ∈ F let 1A denote the

indicator function of A, that is

1A(ω) =

1, if ω ∈ A,
0, if ω /∈ A.

Denote by F1A : R→ [0, 1] the distribution function of 1A, that is F1A(x) = P(1A ≤ x).

(i) Draw the graph of F1A . [3]

(ii) How many points of discontinuity does F1A have? [2]

Question 3. Toss a biased coin repeatedly, and let X denote the number of tosses until (and

including) the first head. Then X is a Geometric random variable of parameter p, and its

weights are pk = (1− p)k−1p for k ≥ 1. Let FX denote the associated distribution function.

(i) Compute P(X > k) for all k ≥ 1. [3]

(ii) Compute FX(k) = P(X ≤ k) for all k ≥ 1. [2]

(iii) Use the explicit expression of FX(k) to show that [2]

lim
k→+∞

FX(k) = 1.
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Quiz 7

Question 1. LetX be the random variable with distribution function FX depicted in the figure

below.

0−1 2

1/2

1

1/3

x

FX(x)

(i) Which values can X take? [2]

(ii) Write down the distribution of X (that is, the collection of weights). [2]

(iii) Compute E(X). [2]

(iv) Compute E(2X − 1). [1]

Question 2. Let X = 1A for some event A ∈ F .

(i) Compute the expectation of X. [2]

(ii) Compute the expectation of Y = 1Ac . [2]

(iii) Compute the expectation of X + Y . [2]

(iv) Compute E(eX). [2]



8 PROBABILITY AND STATISTICS

Quiz 8

Question 1. Roll a die N times. Denote by X the total number of 1’s, and by Y the total

number of 2’s obtained.

(i) Are X,Y independent? Explain. [2]

(ii) What is the distribution of X? [2]

Question 2. For X random variable, explain why

E(eX) ≥ eE(X).

[3]

Question 3. Let X be a Geometric random variable with parameter p ∈ (0, 1).

(i) What is E(X)? [2]

(ii) Compute E(X). [You may use that
∑∞

k=0 x
k = 1

1−x . If needed, you can exchange

derivative and infinite sum.] [3]

(iii) If X,Y ∼ Geometric(p) are independent, compute E(XY ) and Cov(X,Y ). [3]
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1. Quiz 9

Question 1. Roll two dice. Let X denote the outcome of the first die, and Y denote the sum

of the two outcomes. Write down the probability distribution of Y conditional on {X = 4}. [5]

Question 2. Let X,Y be independent Poisson random variables of parameter λ > 0. Compute

E(X|Y = 1).

[You may use that
∑∞

k=0
xk

k! = ex if needed. You don’t need to compute E(X) if you remember

the value.] [5]

Question 3. Let λ be a positive constant. Explain why the function

f(x) = λe−λx1[0,∞)(x)

is a probability density function. Is the function

g(x) =
(
f(x)

)2
a probability density function? [5]
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2. Quiz 10

Question 1. Let f(x) = c(cosx+ 1)1[−π,π](x). Determine c so that f is a probability density

function. [3]

Question 2. Let X be an exponential random variable with parameter λ ≥ 1.

(i) Write the probability density function of X. [2]

(ii) What is the expectation of X? What is the variance of X? [You don’t need to compute

if you remember the values.] [2]

Let Y = e−X .

(iii) Compute the probability density function of Y . [3]

Question 3. Let X be a standard Gaussian random variable, that is X ∼ N(0, 1).

(i) Write the probability density function fX of X. [2]

(ii) Compute

E(eX
2/4) =

∫ +∞

−∞
ex

2/4fX(x)dx.

[Hint: use that the p.d.f. of a N(0, 2) random variable integrates to 1.] [3]
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3. Quiz 11

Question 1. Recall that the moment generating function of a N(µ, σ2) random variable is

M(θ) = eθµ+
θ2σ2

2 .

(i) Use this to show that the sum of two independent standard Gaussian random variables

is still Gaussian, and determine mean and variance. [3]

Let X ∼ N(0, 1) and Y = 3X + 1.

(ii) Determine the moment generating function of Y . [3]

(iii) Deduce that Y ∼ N(1, 9). [2]

Question 2. Let X,Y have joint probability density function

fX,Y (x, y) = 8xy1{0≤x≤y≤1}(x, y).

(i) Compute E(X2Y ). [4]

(ii) Compute the marginal p.d.f. fX(x). [3]
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4. Quiz 12

Question 1. Let X,Y have joint p.d.f.

fX,Y (x, y) = 6xy21[0,1]2(x, y).

Compute the joint p.d.f. fU,V of U = X − Y , V = Y . Draw the region on which fU,V is

supported. [7]

Question 2. Let X,Y have joint p.d.f.

fX,Y (x, y) =
1

π
1{x2+y2≤1}(x, y).

Define the random variables R ≥ 0 and Θ ∈ [0, 2π] by

X = R cos Θ, Y = R sin Θ.

Compute the joint p.d.f. of R,Θ. [Note that you do not need to invert this transformation] [3]

Question 3. Let X1, X2 . . . Xn be i.i.d. exponentials of parameter λ. Write down the likelihood

function l(λ) and the log-likelihood function L(λ). [5]
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5. Quiz 13

Question 1. Let X1, X2 . . . Xn be i.i.d. N(µ, 9) random variables. Compute the Maximum

Likelihood Estimator T (X) for µ. Is it unbiased? Compute the Mean Square Error of T (X).

Explain why

S(X) =

√
n

3
(X̄ − µ) ∼ N(0, 1).

Using S(X), construct a 90% confidence interval for µ.

[Hint: you can use that Φ(1.6) = 0.95.] [15]
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