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Preface

These lecture notes are for the course Probability at ACSAI, University of Rome La Sapienza,

given in Fall 2022 jointly with Prof. Mauro Piccioni. The content is closely based on the

following lecture notes, all available online:

• James Norris: http://www.statslab.cam.ac.uk/∼james/Lectures/p.pdf

• Douglas Kennedy: http://trin-hosts.trin.cam.ac.uk/fellows/dpk10/IA/IAprob.html

• Richard Weber: http://www.statslab.cam.ac.uk/∼rrw1/stats/Sa4.pdf

Please notify silvestri@mat.uniroma1.it for comments and corrections.

Additional suggested readings:

• D. Bertsekas, J. Tsitsiklis: Introduction to probability (2008) Athena Scientific (available

online at MIT Open Course Ware).

• J. Blitzstein, J. Hwang, Introduction to probability, Taylor and Francis (available online

at Stat 110: Probability).

• Sheldon M Ross: A first course in Probability (2019) Boston, MA: Pearson.

Note: the parts marked with (*) are optional, and can be skipped with no harm.

mailto:silvestri@mat.uniroma1.it


CHAPTER 1

Discrete probability

1. Introduction

This course concerns the study of experiments with random outcomes, such as throwing a die,

tossing a coin or blindly drawing a card from a deck. Say that the set of possible outcomes is

Ω = {ω1, ω2, ω3, . . .}.

We call Ω sample space, while its elements are called outcomes. A subset A ⊆ Ω is called an

event.

Example 1.1 (Tossing a coin). Toss a coin: the sample space is Ω = {H,T} where H stands

for head and T stands for tail. Examples of events are:

{H} (the outcome is H)

{T} (the outcome is T )

{H,T} (the outcome H or T )

Example 1.2 (Throwing a die). Toss a normal six-faced die: the sample space is Ω =

{1, 2, 3, 4, 5, 6}. Examples of events are:

{5} (the outcome is 5)

{2, 4, 6} (the outcome is even)

{3, 6} (the outcome is divisible by 3)

Example 1.3 (Drawing a card). Draw a card from a standard deck: Ω is the set of all possible

cards, so that |Ω| = 52. Examples of events are:

A1 = {the card is a Jack}, |A1| = 4

A2 = {the card is Diamonds}, |A2| = 13

A3 = {the card is not the Queen of Spades}, |A3| = 51.
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6 1. DISCRETE PROBABILITY

Example 1.4 (Picking a natural number). Pick any natural number: the sample space is

Ω = N. Examples of events are:

{the number is at most 5} = {1, 2, 3, 4, 5}

{the number is even} = {2, 4, 6, 8 . . .}

{the number is not 7} = N \ {7}.

Example 1.5 (Picking a real number). Pick any number in the closed interval [0, 1]: the sample

space is Ω = [0, 1]. Examples of events are:

{x : x < 1/3} = [0, 1/3)

{x : x 6= 0.7} = [0, 1] \ {0.7} = [0, 0.7) ∪ (0.7, 1]

{x : x = 2−n for some n ∈ N} = {1, 1/2, 1/4, 1/8 . . .}.

Recall that a set Ω is said to be countable if there exists a bijection between Ω and a subset of

N. A set is said to be uncountable if it is not countable. Thus, for example, any finite set is

countable, the set of even (or odd) integers is countable, but R is uncountable. Note that the

sample space Ω is finite in the first two examples, infinite but countable in the third example,

and uncountable in the last example.

Remark 1.6. For the first part of the course we will restrict to countable sample spaces, thus

excluding Example 1.5 above.

We can now give a general definition.

Definition 1.7. Let Ω be any countable set (not necessarily finite) and denote by F the family

of all subsets of Ω. A function P : F → [0, 1] is called a probability measure if

- P(Ω) = 1,

- for any sequence of disjoint events (An)n≥1 it holds

P

( ∞⋃
n=1

An

)
=

∞∑
n=1

P(An).

The triple (Ω,F ,P) is called a probability space.

Remark 1.8 (*). Note that the family of sets F satisfies:

- Ω ∈ F ,

- if A ∈ F , then Ac ∈ F ,

- for every sequence (An)n≥1 in F , it holds
⋃∞

n=1An ∈ F .
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For this reason F is called a sigma algebra. When the state space Ω is uncountable one cannot

define the probability measure P on all subsets of Ω: in that case F will be strictly smaller than

the set of all subsets of Ω, and P will only be defined on F . We do not discuss the technical

issues concerning uncountable state spaces in this course.

We think of F as the collection of observable events. If A ∈ F , then P(A) is the probability of

the event A. In some probability models, such as the one in Example 1.5, the probability of

each individual outcome is 0. This is one reason why we need to specify probabilities of events

rather than outcomes.

1.1. Equally likely outcomes. The simplest case is that of a finite sample space Ω and

equally likely outcomes:

P({ω}) =
1

|Ω|
∀ω ∈ Ω.

Note that by definition of probability measure this implies that

P(A) =
|A|
|Ω|

∀A ∈ F .

In words, the probability of an event A is the number of outcomes in A, divided by the total

number of possible outcomes. Moreover

• P(∅) = 0,

• if A ⊆ B then P(A) ≤ P(B),

• if A ∩B = ∅ then P(A ∪B) = P(A) + P(B),

• P(A ∪B) = P(A) + P(B)− P(A ∩B),

• P(A ∪B) ≤ P(A) + P(B).

To check that P is a probability measure, note that P(Ω) = |Ω|/|Ω| = 1, and for disjoint events

(Ak)nk=1 it holds

P

(
n⋃

k=1

Ak

)
=
|A1 ∪A2 ∪ . . . ∪An|

|Ω|
=

n∑
k=1

|Ak|
|Ω|

=
n∑

k=1

P(Ak),

as wanted.

Example 1.9. When throwing a fair die there are 6 possible outcomes, all equally likely. Then

Ω = {1, 2, 3, 4, 5, 6}, P({i}) = 1/6 for i = 1 . . . 6.

So P(even outcome) = P({2, 4, 6}) = 1/2, while P(outcome ≤ 5) = P({1, 2, 3, 4, 5}) = 5/6.
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Example 1.10. Pick a card from a deck of 52. Then Ω is the set of cards, and |Ω| = 52.

Example of events are:

A = {pick the queen of hearts}

B = {pick a Diamond or a Jack}

C = {don’t pick an ace}

and P(A) = 1/52, P(B) = 16/52, P(C) = 48/52.

Example 1.11. Pick two cards from a deck of 52. Then Ω is the set of all ordered pairs of

cards, and examples of events are:

A = {pick an ace, then a 2}

B = {pick two diamonds}

C = {the first card is a jack}.

Can you write down the probability of the above events?

2. Exercises

Exercise 1. Take Ω = {a, b, c}. Write down the collection F of all subsets of Ω (that is,

the collection of all possible events). Repeat the exercise with Ω = {a, b, c, d}. Check that in

both cases |F| = 2|Ω|.

Exercise 2. Let Ω be a sample space, and A be an event. Show that P(Ac) = 1− P(A).

Exercise 3. What is F if Ω = ∅?

Exercise 4. Take equally likely outcomes on a finite set Ω. Show that if A and B are

events with A ⊆ B, then P(B \A) = P(B)− P(A) (note that this is always non-negative).

Exercise 5. Roll a die. What is the probability of seeing a number which is at most 4?

And at most 6?

Exercise 6. Roll two dice. What is the sample space Ω? Check that |Ω| = 36. Write down

the probability of the following events:

• A = {(1, 5)}
• B = {the first die gives 2}
• C = {the second die does not give 4}
• D = {both dice give an even number}
• E = Ω \ {(1, 5)}
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Exercise 7. Draw two cards from a deck of 52. What is the sample space Ω? Compute

|Ω|. Write down the probability of the following events:

• A = {the first card is an ace}
• B = {the second card is not a jack}
• C = {both cards are hearts}
• D = {the first card is a diamond, the second is hearts}
• E = {the first card is a diamond, the second is a 3}

Exercise 8. You have three books: Maths Stats and Physics. Throw them on a shelf,

assuming that all possible orderings are equally likely. What is the sample space Ω? Compute

|Ω|. Now pick the book on top. What is the probability that you picked the Maths book?

Exercise 9. Can you answer the questions of Exercise 8 in the case of n books?

Exercise 10. Out of a deck of 5 cards, you pick 3 and arrange them from left to right on

the table. What is the sample space Ω, and what is its cardinality? How about picking 3 cards

from a deck of n cards (assume n ≥ 3)?

Exercise 11. Again, pick 3 cards from a deck of 5, but now you keep them in your hands

and don’t care about their order. What is Ω, and what is |Ω|? Can you answer the same

question if you pick 3 cards from a deck of n?

Exercise 12. Pick 4 cards from a deck of n sequentially, reinserting each card in the deck

before picking the next one (drawing with repetition). What is Ω and what is |Ω|? Compute the

probability that the chosen cards are identical, and the probability that they are all different.

3. Combinatorial analysis

We have seen that, when working with equally likely outcomes on a finite set, in order to

compute the probability of events one needs to count the number of elements of Ω with a given

property. We now take a systematic look at some counting methods.

3.1. Multiplication rule. Take N finite sets Ω1,Ω2 . . .ΩN (some of which might coincide),

with cardinalities |Ωk| = nk. We imagine to pick one element from each set: how many possible

ways do we have to do so? Clearly, we have n1 choices for the first element. Now, for each

choice of the first element, we have n2 choices for the second, so that

|Ω1 × Ω2| = n1n2.
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Once the first two element, we have n3 choices for the third, and so on, giving

|Ω1 × Ω2 × . . .× ΩN | = n1n2 · · ·nN .

We refer to this as the multiplication rule.

Example 3.1. A restaurant offers 6 starters, 7 main courses and 5 desserts. The number of

possible three–course meals is then 6× 7× 5 = 210.

Example 3.2. Throw 3 dice. Then the number of outcomes given by an even number, followed

by a 6 and then by a number smaller than 4 is 3× 1× 4 = 12.

Example 3.3 (The number of subsets). Suppose a set Ω = {ω1, ω2 . . . ωn} has n elements. How

many subsets does Ω have? We proceed as follows. To each subset A of Ω we can associate a

sequence of 0’s and 1’s of length n so that the ith number is 1 if ωi is in A, and 0 otherwise.

Thus if, say, Ω = {ω1, ω2, ω3, ω4} then

A1 = {ω1} 7→ 1, 0, 0, 0

A2 = {ω1, ω3, ω4} 7→ 1, 0, 1, 1

A3 = ∅ 7→ 0, 0, 0, 0.

This defines a bijection between the subsets of Ω and the strings of 0’s and 1’s of length n.

Thus we have to count the number of such strings. Since for each element we have 2 choices

(either 0 or 1), there are 2n strings. This shows that a set of n elements has 2n subsets. Note

that this also counts the cardinality of the sigma algebra F associated to Ω, as well as the

number of functions from a set of n elements to {0, 1}.

3.2. Permutations. How many possible orderings of n elements are there? Label the

elements {1, 2 . . . n}. A permutation is a bijection from {1, 2 . . . n} to itself, i.e. an ordering of

the elements. We may obtain all permutations by subsequently choosing the image of element

1, then the image of element 2 and so on. We have n choices for the image of 1, then n − 1

choices for the image of 2, n− 2 choices for the image of 3 until we have only one choice for the

image of n. Thus the total number of choices is, by the multiplication rule,

n! = n(n− 1)(n− 2) · · · 1.

Thus there are n! different orderings, or permutations, of n elements. Equivalently, there are n!

different bijections from any two sets of n elements.

Example 3.4. There are 4! = 24 possible ways of arranging 4 books on a shelf.

Example 3.5. There are 52! possible orderings of a standard deck of cards.

3.3. Subsets. How many ways are there to choose k elements from a set of n elements?
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3.3.1. With ordering. We have n choices for the first element, n− 1 choices for the second

element and so on, ending with n− k + 1 choices for the kth element. Thus there are

(3.1) n(n− 1) · · · (n− k + 1) =
n!

(n− k)!

ways to choose k ordered elements from n. An alternative way to obtain the above formula is

the following: to pick k ordered elements from n, first pick a permutation of the n elements (n!

choices), then forget all elements but the first k. Since for each choice of the first k elements

there are (n− k)! permutations starting with those k elements, we again obtain (3.1).

3.3.2. Without ordering. To choose k unordered elements from n, we could first choose k

ordered elements, and then forget about the order. Recall that there are n!/(n− k)! possible

ways to choose k ordered elements from n. Moreover, any given k elements can be ordered in

k! possible ways. Thus there are (
n

k

)
=

n!

k!(n− k)!

possible ways to choose k unordered elements from n.

More generally, suppose we have integers n1, n2 . . . nk with n1 + n2 + · · ·+ nk = n. Then we

have (
n

n1 . . . nk

)
=

n!

n1! . . . nk!

possible ways to partition n elements in k subsets of cardinalities n1, . . . nk.

Example 3.6. Imagine to have a box containing n balls. Then there are:

• n!
(n−k)! ordered ways to pick k balls,

•
(
n
k

)
unordered ways to pick k balls,

•
(

n
n1 n2 n3

)
to subdivide the balls into 3 unordered groups of n1, n2 and n3 balls each.

3.4. Subsets with repetitions. How many ways are there to choose k elements from a

set of n elements, allowing repetitions?

3.4.1. With ordering. We have n choices for the first element, n choices for the second

element and so on. Thus there are

nk = n× n× · · · × n

possible ways to choose k ordered elements from n, allowing repetitions.
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3.4.2. Without ordering. Suppose we want to choose k elements from n, allowing repetitions

but discarding the order. How many ways do we have to do so? Note that näıvely dividing

nk by k! doesn’t give the right answer, since there may be repetitions. Instead, we count as

follows. Label the n elements {1, 2 . . . n}, and for each element draw a ∗ each time it is picked.

1 2 3 . . . n

** * . . . ***

Note that there are k ∗’s and n− 1 vertical lines. Now delete the numbers:

(3.2) ∗ ∗| ∗ | | . . . | ∗ ∗∗

The above diagram uniquely identifies an unordered set of (possibly repeated) k elements. Thus

we simply have to count how many such diagrams there are. The only restriction is that there

must be n− 1 vertical lines and k ∗’s. Since there are n+ k − 1 locations, we can fix such a

diagram by assigning the positions of the ∗’s, which can be done in(
n+ k − 1

k

)
ways. This therefore counts the number of unordered subsets of k elements from n, without

ordering. (This goes under the name of sticks and stars argument).

Example 3.7. Imagine to again have a box with n balls, but now each time a ball is picked, it

is put back in the box (so that it can be picked again). There are:

• nk ordered ways to pick k balls, and

•
(
n+k−1

k

)
unordered ways to pick k balls.

3.5. Recap of formulas.

• Permutations of n elements: n!.

• Choose k elements from n, no repetitions:

– with ordering:
n!

(n− k)!
,

– without ordering:

(
n

k

)
.

• Partition a set of n elements into k subsets of cardinalities n1, n2 . . . nk:

(
n

n1 n2 · · ·nk

)
.

• Choose k elements from n, with repetitions:

– with ordering: nk,

– without ordering:

(
n− 1 + k

k

)
.
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4. Exercises

Exercise 1. How many functions f : {1, 2, 3, 4, 5} → {0, 1} are there? How many functions

g : {0, 1} → {1, 2, 3, 4, 5}? Explain.

Exercise 2. How many possible ways of assigning 5 toys to 5 children are there? How

about 4 toys to 5 children (one child is left with no toy)? And 3 toys to 5 children?

Exercise 3. In how many different ways can you pick 3 cards from a deck of 7? Answer

the same question if each card is re-inserted in the deck after being picked.

Exercise 4. Toss 3 dice. How many possible outcomes are there?

Exercise 5. You pick 6 (distinct) numbers out of 90 to bet on in the national lottery.

What is the probability that the winning combination matches your choice (taking the order

into account)? What is the probability that the winning combination matches your choice of

numbers, possibly with a different order?

Exercise 6. A monkey types a 4 letters word using letters from the alphabet {Q,U,I,Z}
(it could use the same letter multiple times). What is the probability that it types the word

QUIZ?

Exercise 7. What is the probability that a uniformly chosen function f : {0, 1} →
{1, 2, 3, 4, 5} is not constant? How about f : {1, 2 . . . k} → {1, 2 . . . n}?

Exercise 8. [The birthday problem] If there are n people in the room, what is the

probability that at least two people have the same birthday?

Exercise 9. How many ways are there to divide a deck of 52 cards into two decks of 26

each? How many ways are there to do so, ensuring that each of the two decks contains exactly

13 black and 13 red cards?

Exercise 10. How many increasing functions f : {1, 2 . . . k} → {1, 2 . . . n} are there?

Assume k ≤ n.

Exercise 11 (*). How many non-decreasing functions f : {1, 2 . . . k} → {1, 2 . . . n} are

there?

Exercise 12. Four mice are chosen (without replacement) from a litter, two of which are

white. The probability that both white mice are chosen is twice the probability that neither is

chosen. How many mice are there in the litter?
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Exercise 13. Suppose that n (non-identical) balls are tossed at random into n boxes.

What is the probability that no box is empty? What is the probability that all balls end up in

the same box?

Exercise 14 (*). [Ordered partitions] An ordered partition of k of size n is a sequence

(k1, k2 . . . kn) of non-negative integers such that k1 + · · ·+kn = k. How many ordered partitions

of k of size n are there?



APPENDIX A

Background on set theory

A set is a collection of elements, which can be finite or infinite. If A is a finite set, |A| denotes

the number of elements of A. The empty set is the set consisting of no element, and it is

denoted by ∅. If A and B are two sets, then

• A ∪B = {x : x ∈ A or x ∈ B} (union).

• A ∩B = {x : x ∈ A and B} (intersection).

• A \B = {x ∈ A but x /∈ B} (difference).

• A ⊂ B if all elements of A are also elements of B.

• If A ∩B = ∅ then we say that A and B are disjoint.

Note that the empty set is disjoint from every set, including itself. In fact, the empty set is the

only set disjoint from itself. If Ω is a set, and A ⊆ Ω, we define the complement of A in Ω as

Ac = Ω \A = {x ∈ Ω but x /∈ A}. Note that A ∩Ac = ∅ so A and Ac are disjoint.

Example 0.1. Take A = {1, 2, 3}, B = {2, 4, 6, 8}. Then

A ∪B = {1, 2, 3, 4, 6, 8}, A ∩B = {2}, A \B = {1, 3}, B \A = {4, 6, 8}.

If C = {6, 7, 8} then

A∪C = {1, 2, 3, 6, 7, 8}, A∩C = ∅, A\C = A, A∪B∪C = {1, 2, 3, 4, 6, 7, 8}, A∩B∩C = ∅.

Take Ω = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. Then A,B,C ⊆ Ω. Their complements in Ω are

Ac = {4, 5, 6, 7, 8, 9, 10}, Bc = {1, 3, 5, 7, 9, 10}, Cc = {1, 2, 3, 4, 5, 9, 10},

We can also define infinite unions and intersections. For a sequence of sets (An)n∈N set⋃
n∈N

An = A1 ∪A2 ∪A3 ∪ · · · = {x : x ∈ An for some n ∈ N},

⋂
n∈N

An = A1 ∩A2 ∩A3 ∩ · · · = {x : x ∈ An for all n ∈ N}.

Example 0.2. Take An = {n, n+ 1, n+ 2 . . .} = {k ∈ N : k ≥ n}. Then⋃
n∈N

An = N,
⋂
n∈N

An = ∅.

15
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If on the other hand we take An as before but set An = A10 for all n ≥ 10 then⋃
n∈N

An = N,
⋂
n∈N

An = A10 = {10, 11, 12 . . .}.

Given two sets A,B, we define their product as

A×B = {(x, y) : x ∈ A, y ∈ B}.

Example 0.3. If A = {1, 2, 3} and B = {α, β} then

A×B = {(1, α), (1, β), (2, α), (2, β), (3, α), (3, β)},

A×A = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3)},

B ×B = {(α, α), (α, β), (β, α), (β, β)}.

Note that the pairs are ordered, and that |A×B| = |A| · |B|. We can define the product of an

arbitrary number of sets by setting

A1 ×A2 ×A3 · · ·An = {(x1, x2, x3 . . . xn) : xk ∈ Ak}.

Example 0.4. If A = {0, 1}, B = {a} and C = {x, y} then

A×B × C = {(0, a, x), (0, a, y), (1, a, x), (1, a, y)}.

Note that |A×B × C| = 2 · 1 · 2 = 4.
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